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Abstract
Magnus [16] proved that, given two elements x and y of a finitely generated free
group F with equal normal closures 〈x〉F = 〈y〉F , then x is conjugated either to y or
y−1. More recently ([5] and [6]), this property, called the Magnus property, has been
generalized to oriented surface groups.
In this paper, we consider an analogue property for profinite surface groups.
While Magnus property, in general, does not hold in the profinite setting, it does
hold in some restricted form. In particular, for S a class of finite groups, we prove
that, if x and y are algebraically simple (cf. Definition 1.3) elements of the pro-S
completion Π̂S of an orientable surface group Π, such that, for all n ∈ N, there holds
〈xn〉Π̂
S
= 〈yn〉Π̂
S
, then x is conjugated to ys for some s ∈ (ẐS )∗. As a matter of
fact, a much more general property is proved and further extended to a wider class
of profinite completions.
The most important application of the theory above is a generalisation of the
description of centralizers of profinite Dehn twists given in [3] to profinite Dehn
multitwists.
1 Introduction
Let Π be an oriented surface group, that is to say the fundamental group of an oriented
Riemann surface of finite type S.
Definition 1.1. A class of finite groups (cf. Definition 3.1 in [1]) is a full subcategory S of
the category of finite groups which is closed under taking subgroups, homomorphic images
and extensions (meaning that a short exact sequence of finite groups is in S whenever its
exterior terms are). We always assume that S contains a nontrivial group.
For S a class of finite groups, the pro-S completion Π̂S of Π is the inverse limit of the
finite quotients of Π which belong to S . The profinite group Π̂S is also called a pro-S
surface group.
1
2 1 INTRODUCTION
Let us give some examples. Fixed a non-empty set of primes Λ, let then S be the
category of finite Λ-groups, i.e. finite groups whose orders are product of primes in Λ. In
this case, the corresponding profinite completion is denoted by Π̂Λ and called the pro-Λ
completion of Π. The two cases of interest are usually when Λ is the set of all primes, in
which case Π̂Λ is just the profinite completion Π̂ of Π, and when Λ consists of only one
prime p, in which case Π̂Λ is the pro-p completion of Π and is denoted by Π̂(p). Another
important example of class of finite groups is the class of finite solvable groups.
The main purpose of this paper is to prove for the pro-S surface group Π̂S some
properties which are analogous to the Magnus property proved for Π in [5] and [6].
For a given element x of a (profinite) group G, let us denote by 〈x〉 and 〈x〉G, respec-
tively, the (closed) subgroup and the (closed) normal subgroup generated (topologically)
by x in G. The Magnus property for the discrete group Π says that if, for two given
elements x, y ∈ Π, the normal subgroup 〈x〉Π equals the normal subgroup 〈y〉Π, then x is
conjugated either to y or y−1. This property cannot be transported literally to the profinite
case since Ẑ has more units than just {±1} and so the property would fail already for Ẑ.
Moreover, even if we take this into account, there are counterexamples to the analogue
property which can be formulated for the profinite completion Π̂S .
A counterexample for a free profinite group of finite rank is the following. Let us denote
by M(G) the intersection of all maximal normal subgroups of a group G. Let then U be
a normal subgroup of a finitely generated free profinite group F such that U/M(U) is a
direct product of non-abelian simple groups (for instance, let U be the kernel of the natural
epimorphism of F onto the maximal prosolvable quotient of F ).
By Proposition 8.3.6 in Chapter 8 of [20], the subgroup U is the normal closure of
an element u ∈ U if and only if U/M(U) is the normal closure of u · M(U). Now, in
an infinite direct product of non-abelian simple groups, there are plenty of elements and
groups generated by them which are non-conjugate but normally generate U/M(U). For
instance, any element with non-trivial projection to every direct simple factor of U/M(U)
has this property. However, having different order in some of the projections, such elements
are not conjugate.
A counterexample for the pro-p case is instead the following. Let F = F (x, y) be the
free pro-p group in two generators. Then, the normal closure of x has generators which
are not conjugated to powers of x. Indeed, this follows from the fact that 〈x〉F , modulo
its Frattini subgroup, identifies with the completed group ring Fp[[〈y〉]] and this has more
units than just the powers of y.
For this reason, the profinite analogue of Magnus property should be rather formulated
saying that, if x, y ∈ Π̂S satisfy the stronger condition 〈xn〉Π̂
S
= 〈yn〉Π̂
S
, for all n which
are a product of primes in ΛS , then x is conjugated to a power y
s, where s is a unit of
the standard pro-S cyclic group ẐS , i.e. the pro-S completion of Z. The latter group is
more explicitly described as follows. Let ΛS be the set of primes which occur as orders of
groups in S , there is then a natural isomorphism ẐS ∼=
∏
p∈ΛS
Zp.
A first instance of the profinite analogue of Magnus property for a free profinite group
of finite rank follows from a deep theorem of Wise (cf. §2), but with the further restriction
that one of the two elements be abstract:
3Theorem 1.2. Let F̂ be a free profinite group of finite rank and x, y ∈ F̂ , with y an
element contained in an abstract dense free subgroup F of F̂ . If, for all n ∈ N+, there is
a kn ∈ N
+ such that xkn ∈ 〈yn〉F̂ , then x is conjugated to ys for some s ∈ Ẑ.
We do not know in which generality the Magnus property holds for profinite surface
groups. In what follows, we will restrict to the case where one of the two elements satisfies
some geometric conditions similar to those considered in [5].
Definition 1.3. (i) Let us fix a presentation of Π as the fundamental group of a Rie-
mann surface S. A subset of non-trivial elements σ = {γ1, . . . , γh} ⊂ Π is simple if
there is a set of disjoint simple closed curves (briefly, s.c.c.’s) σ˜ = {γ˜1, . . . , γ˜h} on S,
such that they are two by two non-isotopic and γ˜i belongs to the free homotopy class
of γi for i = 1, . . . , h. A s.c.c. on S is peripheral if it bounds a 1-punctured disc.
(ii) Let S be a class of finite groups. A pro-S surface group Π̂S is the pro-S completion
of a surface group Π. It is endowed with a natural monomomorphism with dense
image Π →֒ Π̂S . Let Γ be the group of mapping classes of self-homeomorphisms of
S fixing the base point of Π and let Γ̂S be its closure in Aut(Π̂S ). Then, a subset
of elements σ = {γ1, . . . , γh} ⊂ Π̂
S is simple if it is in the orbit of the image of a
simple set σ′ ⊂ Π for the action of Γ̂S .
(iii) A subset of elements σ = {γ1, . . . , γh} ⊂ Π̂
S is algebraically simple if it is in the
Aut(Π̂S )–orbit of the image of a set σ′ ⊂ Π which is simple for some presentation of
Π as the fundamental group of a Riemann surface.
Remark 1.4. Let Π be a free group of rank n and Π̂S either its pro-Λ completion, for
some non-empty set of primes Λ, or its pro-solvable completion. Then, given a mini-
mal set {α1, . . . , αn} of topological generators for Π̂
Λ, any element of this set and any
product of commutators
∏k
i=1[αi, αn−i] and of commutators and generators of the form∏k
i=1[αi, αn−i]αi+1αi+2 . . . αj , for 1 ≤ k ≤ [n/2] and i+ 1 ≤ j ≤ n− k − 1, is algebraically
simple.
Part (i) of the above definition can be rephrased, group-theoretically, saying that there
is a graph of groups G , whose vertex groups are finitely generated free groups of rank at
least 2, together with an isomorphism π1(G ) ∼= Π which identifies the set of edge groups
of G with the set of cyclic subgroups of Π generated by non-peripheral elements of σ.
Part (iii) just says that, modulo automorphisms, the profinite group Π̂S can be realized
as a profinite completion of a discrete group Π of the above type.
In this setting, we are actually going to prove (cf. §3) the following stronger statement:
Theorem 1.5. Let σ = {γ1, . . . , γh} ⊂ Π̂
S be an algebraically simple subset and let us
denote by σΠ̂
S
n , for n ∈ N
+, the closed normal subgroup of Π̂S generated by n-th powers
of elements of σ. Let y ∈ Π̂S be an element such that, for all n a product of primes in
ΛS , there exists a kn ∈ N
+ with the property that ykn ∈ σΠ̂
S
n . Then, for some s ∈ Ẑ
S and
i ∈ {1, . . . , h}, the element y is conjugated to the element γsi .
4 1 INTRODUCTION
An immediate corollary of Theorem 1.5 is the restricted Magnus property for profinite
surface groups, mentioned above:
Corollary 1.6. Let x ∈ Π̂S be an algebraically simple element and y ∈ Π̂S an arbitrary
element. Let us denote by 〈xn〉Π̂
S
and 〈yn〉Π̂
S
the closed normal subgroups of Π̂S generated
respectively by xn and yn, for n ∈ N+. If, for all n a product of primes in ΛS , there holds
〈xn〉Π̂
S
= 〈yn〉Π̂
S
, then, for some s ∈ (ẐS )∗, the element y is conjugated to xs.
The restricted Magnus property has applications to Grothendieck-Teichmu¨ller theory.
In order to show this, we need more definitions. A simple closed curve on a hyperbolic
Riemann surface S is described by an unordered pair {γ, γ−1} in the set of conjugacy
classes Π/ ∼ of elements of the fundamental group Π of S. Let L be the set of non-
peripheral simple closed curves on S. We then define the set of (non-peripheral) profinite
simple closed curves L̂ as the closure of L in the profinite set of pairs P2(Π̂/∼) in the
set of conjugacy classes Π̂/ ∼. In Theorem 4.2 [3], it was proved that the profinite set
L̂ parameterizes the set of profinite Dehn twists in the procongruence Teichmu¨ller group
Γˇ(S) associated to S (cf. Section 5). This is the completion of the mapping class group
Γ(S) associated to the surface S with respect to the congruence topology.
For K a normal open subgroup of Π̂, let pK : SK → S be the associated covering with
covering transformation group GK := Π̂/K. We can naturally associate to an element
γ ∈ L̂ a subspace VK,γ of H1(SK ,Qℓ), where SK is the closed Riemann surface obtained
from SK filling in the punctures, in the following way. Let us also denote by γ ∈ Π̂ an
element in the class of γ ∈ L̂ and let γνK be the smallest positive power of γ contained
in K. We let then VK,γ be the subspace of H1(SK ,Qℓ) generated by the GK-orbit of the
image of γνK in H1(SK ,Qℓ).
The main result of Section 5 (cf. Theorem 5.6) is that the sets {VK,γ}K⊳oΠ̂ separate
elements of L̂ . This is a non-trivial result even if restricted to the subset of simple closed
curves L of L̂ . For L , this result was proved, with different techniques, in [4] (cf.
Theorem 5.1 therein).
The above results are then used to generalize the description of centralizers of profinite
Dehn twists in the procongruence Teichmu¨ller group Γˇ(S), given in [3], to profinite multi-
twists. A multitwist in the mapping class group Γ(S) is the product of a set of Dehn twists
along disjoint simple closed curves on S. We show, in particular, that the centralizer in
Γˇ(S) of a multitwist of Γ(S) is the closure of the centralizer of the same element in Γ(S).
The result we prove is actually stronger but we refer to Section 6 for the precise statement.
So far, this is probably the main application of the restricted Magnus property.
In Section 7, we give a linear version of some classical faithfulness results on Galois rep-
resentations associated to projective hyperbolic curves over number fields which appeared
in [13] and [3].
52 The proof of Theorem 1.2
In order to prove Theorem 1.2, we need a preliminary result of independent interest, which
follows from the work of Wise [24]:
Theorem 2.1. Let G = 〈F | rn〉 be a one-relator group with torsion and let y ∈ Ĝ be a
torsion element of its profinite completion. Then, y is conjugate in Ĝ to a power of the
image r¯ of r in G.
Proof. The result is well-known for the discrete group G (see for example [?, Theorem 9.3].
Hence it is enough to show that a torsion element y ∈ Ĝ is conjugate to an element of
G. Every one-relator group G embeds naturally into a free product G′ = G ∗ Z which is
an HNN extension HNN(H,M, t) of a one-relator group H with shorter relator (length
of the reduced word), where M is a free subgroup generated by subsets of the generators
of the presentation of G (cf. the Magnus-Moldavanskii construction in Section 18.b [24]).
The hierarchy is finite, i.e. continuing further the splitting into such HNN-extensions, we
terminate at a virtually free group of the form Z/n∗F , where F is free. Let us use induction
on the length of the relator to prove that y is conjugate to an element of G. If the length
is zero, this means that r = 1 and G is free and then Ĝ is torsion free. In this case, the
claim trivially holds.
According to Theorem 18.1 [24], the Magnus-Moldavanskii hierarchy is quasi-convex for
any one-relator group with torsion, i.e., for one-relator groups with torsion, the subgroups
H ,M ,M t are quasi-convex at each level of the hierarchy. Wise showed that G has a finite
index subgroup G0 that embeds as a quasi-convex subgroup of a right-angled Artin group.
It follows that every quasi-convex subgroup of G is a virtual retract and is hence separable
(cf. Theorem 7.3 [11]).
Thus the hierarchy is separable (including finite index subgroups of the groups of the
hierarchy) and so the profinite completion functor extends the hierarchy onG to a hierarchy
on Ĝ. In particular Ĝ′ = Ĝ ∐ Ẑ = HNN(Ĥ, M̂ , t). By Theorem 3.10 [25], any torsion
element of a profinite HNN-extension is conjugate to an element of the base group. We
may then assume that our torsion element y is in Ĥ and use the induction hypothesis to
conclude that it is conjugated to an element of H and so of G′. Since Ĝ is a free factor of
Ĝ′ and y ∈ Ĝ, it follows that y is actually conjugated to an element of G.
Let us recall that an abstract group G is good, if the natural homomorphism G → Ĝ
of the group to its profinite completion induces an isomorphism on cohomology with finite
coefficients (cf. Exercises §2.6 [21]). From the proof of Theorem 2.1 and Theorem 1.4 [10],
it then follows:
Theorem 2.2. One-relator groups with torsion are good.
Proof. Let G be a one-relator group with torsion. As in the proof of Theorem 2.1, we
use induction on the length of the relator of G. We also use the notations of that proof.
For G = Z/n ∗ F , the result is clear and this provides the base for the induction. The
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subgroup H of G′ = G ∗ Z = HNN(H,M, t) satisfies the induction hypothesis and so by
Proposition 3.5 [10] combined with the last paragraph of the preceding proof we deduce
that HNN-extension G′ = HNN(H,M, t) is good. But the cohomology of a free product
is the sum of cohomologies of the factors in both the abstract and the profinite situation.
Therefore the isomorphism H i(Ĝ′,M)→ H i(G′,M) restricts to the required isomorphism
H i(Ĝ,M)→ H i(G,M), for i ≥ 0.
Proof of Theorem 1.2. By Theorem 2.1, the element xkn〈yn〉F̂/〈yn〉F̂ of the quotient group
F̂ /〈yn〉F̂ is conjugated to a power of the element y〈yn〉F̂/〈yn〉F̂ for every n ∈ N+. The
result then follows taking the inverse limit of all these quotients for n ∈ N+.
3 A geometric proof of Theorem 1.5.
An (orientation-preserving) Fuchsian group Π is a group which admits a presentation of
the form:
Π = 〈α1, . . . αg, β1, . . . , βg, x1, . . . , xd, y1, . . . , ys|
x1 . . . xd · y1 . . . ys ·
∏g
i=1[αi, βi]; x
m1
1 , . . . , x
md
d , for m1, . . . , md ∈ N
+〉.
The measure µ(Π) of such a Fuchsian group is defined by:
µ(Π) = 2g − 2 +
d∑
i=1
(1−
1
mi
) + s.
The Fuchsian group Π is hyperbolic if µ(Π) > 0. Geometrically, this can be reformulated
by saying that Π is a finitely generated non-elementary discrete group of isometries of the
hyperbolic plane. Hyperbolic Fuchsian groups arise as topological fundamental groups of
complex hyperbolic orbicurves (see, for instance, [18] for a definition).
The integer g is the genus of an orbifold Riemann surface S whose fundamental group
has the standard presentation given to the hyperbolic Fuchsian group Π. Let us then ob-
serve that the same Fuchsian group as an abstract group can be given distinct presentations
corresponding to orbifold Riemann surfaces of different genuses.
Following [18], the order of the Fuchsian group Π is the least common multiple of the
integers m1, . . . , md, i.e. of the orders of the cyclic subgroups generated by x1, . . . , xd in Π.
A finite subgroup of Π in the conjugacy class of the cyclic subgroup 〈xi〉, for i = 1, . . . , d,
is called a decomposition group.
Let S be an orbifold Riemann surface whose fundamental group can be identified with
the Fuchsian group Π described above. Then, to a finite index subgroup K of Π, is
associated an unramified covering SK → S. If K is a normal subgroup, the covering
is normal with covering transformation group the quotient GK := Π/K. The orbifold
Riemann surface SK is representable, i.e. the decomposition groups of its points are all
7trivial, if and only if, 〈xi〉
a ∩K = {1}, for all i = 1, . . . , d and all elements a ∈ Π. If K is
a normal subgroup, then it is enough to ask that 〈xi〉 ∩K = {1}, for all i = 1, . . . , d.
The following is a slight generalization, in a different terminology, of Lemma 2.11 [18],
of which, however, we prefer to give an independent proof:
Lemma 3.1. Let Π be a hyperbolic Fuchsian group with the presentation given above and
let S be a class of finite groups. Let us assume that Π contains a torsion free normal
subgroup H such that Π/H ∈ S . Let Π̂S be the pro-S completion of Π. Then, there hold:
(i) 〈xi〉 ∩ 〈xj〉
h 6= {1}, if and only if i = j and h ∈ 〈xj〉. In particular, the subgroup 〈xi〉
is self-normalizing in the profinite group Π̂S , for i = 1, . . . , d.
(ii) Every finite non-trivial subgroup C of Π̂S is contained in a decomposition group, i.e.
in a subgroup 〈xi〉
h for some i ∈ {1, . . . , d} and h ∈ Π̂S .
Proof. Let S be an orbifold Riemann surface such that Π = π1(S) and let SH → S be the
covering associated to the subgroup H of Π. By hypothesis, SH is a Riemann surface. The
S –solenoid SS (cf. [4], for more details on this construction) is defined to be the inverse
limit space SS := lim
←−Π/K∈S
SK of the coverings SK → S associated to normal subgroups
K of Π such that Π/K ∈ S . Let us observe that SS ∼= SSH , where the latter space is the
inverse limit of the coverings SK → SH associated to normal subgroups K of H such that
H/K ∈ S . There is then a series of natural isomorphisms:
Hk(SS ,Z/p) ∼= Hk(SSH ,Z/p) := lim−→
H/K∈S
Hk(SK ,Z/p) ∼= lim−→
H/K∈S
Hk(K,Z/p).
It is well known that a surface group is p-good for all primes p (cf. (iii) of Lemma 5.12
in [9], for instance). This implies that lim−→H/K∈S H
k(K,Z/p) = 0, for k > 0 and all primes
p ∈ ΛS . It follows that, for all p ∈ ΛS , there hold H
k(SS ,Z/p) = {0}, for k > 0, and
H0(SS ,Z/p) = Z/p.
There is a natural continuous action of Π̂S on the S –solenoid SS and the decompo-
sitions groups of Π̂S naturally identify with the stabilizers of points of SS in the inverse
image of points of the orbifold Riemann surface S which have non-trivial isotropy groups.
In order to prove (i), it is enough to show that the intersection of the stabilizers of two
points P1 and P2 contains a cyclic subgroup Cp of prime order p ∈ ΛS if and only if there
holds P1 = P2.
Let us observe that the solenoid SS can be triangulated by a simplicial profinite set
in such a way that the inverse images of the orbifold points of S with non-trivial isotropy
group are realized inside the set of 0-simplices. Therefore, it is possible to apply to the
action of Cp on the solenoid S
S the results of [22].
By the results of §5 in [22], item (b) of Theorem 10.5, Chap. VII [8] generalizes to
profinite spaces. Therefore, since the profinite space SS is p-acyclic, for all p ∈ ΛS , it
follows that (SS )Cp is also p-acyclic, where (SS )Cp is the fixed point set of the action of
the p-group Cp on the S –solenoid S
S . In particular, (SS )Cp is connected and thus consists
of only one point. In particular, there holds P1 = P2.
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Let us now prove (ii). Here, we basically proceed like in the proof of Lemma 2.11 [18].
So, let C be a finite subgroup of Π̂S . It then holds C ∈ S . Let us assume moreover that
C is solvable. Then, by induction on the order of C, we can further assume that either:
a) C is of prime order p ∈ ΛS ;
b) C is an extension of a group of prime order p ∈ ΛS by a non-trivial subgroup C1 ⊆ C
which is contained in the decomposition group A.
If a) is satisfied, then, since the space SS is p-acyclic, there holds (SS )C 6= ∅, i.e. the
subgroup C is contained in a decomposition group of Π̂S .
If b) holds, by replacing the profinite group Π̂S with its open subgroup C1 · Ĥ
S , we
can actually assume that C1 is a decomposition group. But then, by (i), it is also self-
normalizing and there holds C1 = C.
For C any finite subgroup of Π̂S , the above arguments show that the Sylow subgroups
of C are cyclic. By a classical result of group theory, the group C is then solvable and we
are reduced to the case already treated.
Remark 3.2. A consequence of Lemma 3.1 is that two (orientation-preserving) hyperbolic
Fuchsian groups are isomorphic if and only if their pro-S completions are isomorphic,
where S is a class of groups containing their torsion subgroups (e.g. we can take for S
the class of solvable groups). In fact, it is not difficult to see that in order to reconstruct
a Fuchsian group Π of the above type, we need the following information:
(i) the rank of the abelianization of Π;
(ii) whether Π is virtually free or not;
(iii) the conjugacy classes of torsion subgroups of Π.
The first two informations can be recovered from the homology of Π̂S because the group
Π is S -good, since it contains a surface group N as a normal finite index subgroup such
that Π/N ∈ S and surface groups are S -good. As for the third information, this can
be recovered from Π̂S by Lemma 3.1. In particular, this provides a generalization of
Theorem 1.4 of [7] in the hyperbolic case.
The next step is to generalize Lemma 3.1 to the fundamental group of a graph of
hyperbolic Fuchsian groups. More precisely, let (G , Y ) be a graph of groups such that
the vertex groups Gv, for every vertex v ∈ v(Y ), are hyperbolic Fuchsian groups and the
edge groups Ge identify with maximal finite subgroups of the vertex groups, for every edge
e ∈ e(Y ). Then, we say that π1(G , Y ) is a nodal Fuchsian group.
Nodal Fuchsian groups can be characterized as topological fundamental groups of orb-
ifold nodal Riemann surface, i.e. nodally degenerate orbifold Riemann surfaces.
As above, if X is an orbifold nodal Riemann surface, then its fundamental group is
virtually torsion free, if and only if X admits a finite e´tale (eq. finite e´tale Galois) covering
Y → X , where Y is a connected nodal Riemann surface.
9Definition 3.3. (i) Let S be a class of finite groups, i.e. closed by taking subgroups,
homomorphic images and extensions. A pro-S nodal Fuchsian group Π̂S is the
pro-S completion of a nodal Fuchsian group Π.
(ii) We say that a finite subgroup D of a nodal Fuchsian group π1(G , Y ) or of its pro-S
completion π̂S1 (G , Y ) is a decomposition group of type I if it is in the conjugacy class
of a decomposition subgroup I of a vertex group of (G , Y ).
The following result is a result of independent interest we need in order to generalize
Lemma 3.1 to pro-S nodal Fuchsian groups:
Lemma 3.4. Let S be a class of finite groups and let (G , Y ) be a finite graph of (discrete)
groups, with finite edge groups, such that G = π1(G , Y ) is residually-S . Then, the pro-S
completion ĜS of G is isomorphic to the pro-S fundamental group π̂S1 (Ĝ
S , Y ) of the finite
graph of pro-S groups (Ĝ S , Y ) obtained from (G , Y ) by taking the pro-S completion of
each vertex group and the vertex groups of (Ĝ S , Y ) embed in ĜS .
Proof. Since G is residually S one can find an open (in the pro-S topology) subgroup H
of G that intersects trivially all the edge groups. Then it suffices to show that the pro-S
topology of G or equivalently of H induces the full pro-S topology on H ∩ G (v). But
H ∩ G (v) is a free factor of H so this statement is just Corollary 3.1.6 in [20].
Let us then extend Lemma 3.1 to pro-S nodal Fuchsian groups:
Lemma 3.5. Let Π := π1(G , Y ) be a nodal Fuchsian group and let S be a class of finite
groups. Let us assume that Π contains a torsion free normal subgroup H such that Π/H ∈
S . Let then Π̂S be the pro-S completion of Π. Let D1 and D2 be decomposition groups
of Π̂S of type I1 and I2, respectively. Then, there hold:
(i) The profinite group Π̂S is virtually torsion free.
(ii) Π̂S = π̂S1 (Ĝ
S , Y ) and the vertex groups of (Ĝ S , Y ) embed in Π̂S .
(iii) D1 ∩D2 6= {1}, if and only if D1 = D2 and I1, I2 are contained and conjugated in a
vertex group Gv for some vertex v ∈ v(Y ).
(iv) The decomposition groups of Π̂S are self-normalizing.
(v) Every finite non-trivial subgroup C of Π̂S is contained in a decomposition group.
Proof. Since the subgroupH is torsion free, it is a free product of surface groups. Moreover,
since Π/H ∈ S , the closure of the subgroup H in Π̂S coincides with its pro-S completion
ĤS and so is a free pro-S product of pro-S surface groups. By Theorem 3.10 and
Remark 3.18 [25], any finite subgroup of the profinite group ĤS is contained in a free
factor of ĤS . As observed in the proof of Lemma 3.4, such a free factor is the pro-S
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completion of the corresponding free factor of the group H , hence it is a pro-S surface
group, which is torsion free. It follows that ĤS is torsion free. This proves (i).
In particular, by the above proof, the group Π = π1(G , Y ) is residually-S . Item (ii)
then follows from Lemma 3.4.
By Theorem 3.10 and Remark 3.18 [25], any finite subgroup of the profinite group Π̂S
is contained in a vertex group of (Ĝ S , Y ). Moreover, by Theorem 3.12 [25], the intersection
of the conjugates of two distinct vertex groups is conjugate to a subgroup of an edge group.
Since the edge groups of (Ĝ S , Y ) identify with decompositions groups of the vertex
groups, if D1 ∩D2 6= {1}, then they are both conjugated to the same decomposition group
of some vertex group of (Ĝ S , Y ). Thus, items (iii), (iv), (v) follows from Lemma 3.1.
Proof of Theorem 1.5. It is not restrictive to assume that σ = {γ1, . . . , γh} is a simple
subset of Π. Let σΠn , for n ∈ N
+, the closed normal subgroup of Π generated by n-th
powers of elements of σ.
Let us denote by Sn the orbifold nodal Riemann surface obtained topologically from
S glueing a disc to each s.c.c. in σ with an attaching map of degree n. Then, there is a
natural isomorphism π1(Sn) ∼= Π/σ
Π
n .
Therefore, the quotient group Π/σΠn is a nodal Fuchsian group whose decomposition
groups are the conjugacy classes of the subgroups generated by the images of the elements
in σ and the quotient group Π̂S /σΠ̂
S
n is the pro-S completion of Π/σ
Π
n .
Let us prove that, if n is a product of primes in ΛS , then the nodal Fuchsian group
Π/σΠn satisfies the hypotheses of Lemma 3.5. It is enough to show that there is a torsion
free, normal subgroup H of the quotient group Π/σΠn of index a product of powers of primes
in ΛS and such that the quotient of Π/σ
Π
n by H is a metabelian group, or, equivalently,
that there exists a normal, metabelian ΛS -covering S
′′
n → Sn such that S
′′
n is representable.
Let S ′ → S be the abelian ΛS -covering associated to the characteristic subgroup
[Π,Π]Πn of Π. This covering has the property that its restriction to every s.c.c. of S ′,
which covers either a non-separating s.c.c. or, in case there is more than one puncture on
S, a peripheral s.c.c. on S, has degree n.
Since σΠn < [Π,Π]Π
n, there is an induced ΛS -covering S
′
n → Sn which ramifies with
order n over the orbifold points of Sn corresponding to the non-separating and, in case
there is more than one puncture on S, the peripheral s.c.c.’s in σ. Therefore the orbifold
Riemann surface S ′n is representable over those points.
From the same argument used in the proof of Lemma 3.10 [2], it follows that a s.c.c.
contained in the inverse image in S ′ of a non-peripheral separating s.c.c. γ in the set σ is
non-separating and its image in S ′n is homologically non-trivial. In case there is only one
peripheral s.c.c. in σ, a s.c.c. contained in its inverse image in S ′ has also homologically
non-trivial image in S ′n.
Let Π′ := [Π,Π]Πn. The metabelian ΛS -covering S
′′ → S associated to the normal
subgroup σΠn [Π
′,Π′](Π′)n of Π has then the property that its restriction to every s.c.c. of
S ′′, lying above a s.c.c. of σ, has degree n. Therefore, the induced metabelian ΛS -covering
S ′′n → Sn is such that S
′′
n is representable.
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For an element a ∈ Π̂S , let us denote by a¯ its image in the quotient group Π̂S /σΠ̂
S
n .
The image y¯ of the given y then has finite order.
From Lemma 3.5, it follows that y¯ ∈ 〈γ¯i〉
x¯, for some i ∈ {1, . . . , h} and x¯ ∈ Π̂S /σΠ̂
S
n .
Since this holds for all n which are a product of primes in ΛS , by an inverse limit argument,
it actually holds y ∈ 〈γi〉
x, for some i ∈ {1, . . . , h} and x ∈ Π̂S .
We say that an element x of a profinite group G is full if the p-component 〈x〉(p) of the
pro-cyclic group generated by x is non-trivial for every prime p dividing the order of G.
By cohomological methods, it is possible to show that normalizers of full elements in a
non-abelian pro-S surface groups are pro-cyclic. For algebraically simple elements in the
pro-S completion of a surface group, this also follows from an argument similar to the one
given in the proof of Theorem 1.5:
Proposition 3.6. Let S be a class of finite groups and let Π̂S be the pro-S completion
of a non-abelian surface group Π. Let x be an algebraically simple element of Π̂S . Then,
for all n ∈ ẐS r {0}, there holds:
NΠ̂S (〈x
n〉) = NΠ̂S (〈x〉) = 〈x〉.
Proof. We can assume that x is a simple element of Π. The quotient group Ξh := Π/〈x
h〉Π
is a nodal Fuchsian group which satisfies the hypotheses of Lemma 3.5. Let xh be the
image of x in Ξh. Then, the cyclic group Ch generated by xh is a decomposition group of
Ξh. From Lemma 3.5, it follows that, in the pro-S completion Ξ̂
S
h of Ξh, for n ∈ N
+ and
h > n, there holds: NΞ̂Sh
(Ch) = NΞ̂Sh
(Cnh ) = Ch. The conclusion of the proposition then
follows taking the inverse limit for h→∞.
A multi-curve (cf. Definition 5.2) σ on a Riemann surface S is a set {γ0, . . . , γk} of
disjoint, non-trivial, non-peripheral s.c.c.’s on S, such that they are two by two non-
isotopic. The complement S r σ is then a disjoint union of hyperbolic Riemann surfaces∐h
i=0 Si and, for some choices of base points and a path between them, the fundamental
group Πi := π1(Si), for i = 0, . . . , h, identifies with a subgroup of Π := π1(S).
Let Yσ be the graph which has for vertices the connected components of S r σ and
for edges the elements of σ, where two vertices Si and Sj are joined by the edge γl if γl
is a boundary component of both Si and Sj. Then, the group Π is naturally isomorphic
to the fundamental group of the graph of groups (G , Yσ) with vertex groups Gi = Πi, for
i = 0, . . . , h, and with edge groups the cyclic groups Cj, for j = 0, . . . k, generated by
representatives in Π of the s.c.c.’s in σ.
From (ii) Lemma 3.5 and an argument similar to that of the proof of Theorem 1.5, it
follows a description of the pro-S completion of Π in terms of the above graph of groups:
Theorem 3.7. Let σ be a multi-curve on a Riemann surface S, let S r σ =
∐h
i=0 Si be
the decomposition in connected components and let Πi be the fundamental group of Si, for
i = 0, . . . , h. The fundamental group Π of S is naturally isomorphic to the fundamental
group of the graph of groups (G , Yσ), described above, with vertex groups the groups Πi, for
i = 0, . . . , h. Let S be a class of finite groups. Then, the pro-S completion Π̂S of Π is
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the pro-S fundamental group of the graph of profinite groups (Ĝ S , Yσ) whose vertex and
edge groups are the pro-S completions of vertex and edge groups of the graph of groups
(G , Yσ). Moreover, the vertex groups Π̂
S
i , for i = 0, . . . , h, embed in Π̂
S and are their own
normalizers in this group.
Proof. Let us also denote by σ a set of representatives in Π of the s.c.c.’s in σ. As in the
proof of Theorem 1.5, let us consider the quotient group Π/σΠn , which is a nodal Fuchsian
group satisfying the hypotheses of Lemma 3.5. This group is the fundamental group of the
graph of groups (Gn, Yσ) whose vertex groups are the fundamental groups of the orbifolds
obtained, from the connected components of the manifold with boundary obtained cutting
S in σ, attaching discs to their boundary components with an attaching map of degree n.
By (ii) Lemma 3.5, its pro-S completion Π̂S /σΠ̂
S
n is the pro-S fundamental group
Π̂S1 (Ĝ , Yσ) of the finite graph of pro-S groups (Ĝ
S
n , Yσ) obtained from (Gn, Y ) by taking
the pro-S completion of each vertex group of (Gn, Yσ) and the vertex groups of (Ĝ
S
n , Yσ)
embed in Π̂S /σΠ̂
S
n .
The inverse limit, for n → ∞, of the graphs of pro-S groups (Ĝ Sn , Yσ) is the graph
of groups (Ĝ S , Yσ), whose vertex groups are the pro-S completions of the fundamental
groups of the connected components of S r σ. The pro-S fundamental group of (Ĝ S , Yσ)
is the inverse limit, for n → ∞, of the groups Π̂S /σΠ̂
S
n , i.e. the pro-S completion Π̂
S
of Π. Therefore, the vertex groups of (Ĝ S , Yσ) embed in Π̂
S . The last statement in the
theorem then follows from Corollary 3.13 and Remark 3.18 [25].
4 Relative versions of the restricted Magnus
property.
For the applications given in Section 5, we need a finer result than Theorem 1.5. Let us
give the following definition:
Definition 4.1. (i) For a given profinite group G (possibly finite) and a given prime
p ≥ 2, let us denote respectively by G(p) and Gnil its maximal pro-p and pro-nilpotent
quotients. It is clear that, if the group G is pro-nilpotent, there holds G =
∏
G(p)
and the pro-p group G(p) is naturally identified with the p-Sylow subgroup of G.
(ii) For K a normal open subgroup of a profinite group G and a given prime p ≥ 2,
let G
(p)
K and G
nil
K be, respectively, the quotients of G by the kernels of the natural
epimorphisms K → K(p) and K → Knil. Let us call them, respectively, the relative
maximal pro-p and pro-nilpotent quotients of G with respect to the subgroup K.
(iii) For K a normal finite index subgroup of a discrete group G and a given prime p ≥ 2,
let us denote by Ĝ
(p)
K and Ĝ
nil
K , respectively, the quotients of the profinite completion
Ĝ by the kernels of the natural epimorphisms K̂ → K̂(p) and K̂ → K̂nil. Let us call
Ĝ
(p)
K and Ĝ
nil
K , respectively, the relative pro-p and pro-nilpotent completion of G with
respect to the subgroup K.
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Mochizuki’s Lemma 3.1 admits the following generalization to relative pro-p comple-
tions of hyperbolic Fuchsian groups:
Lemma 4.2. Let Π be a hyperbolic Fuchsian group with the presentation given in §3. Let
K be a finite index normal subgroup of Π which contains a torsion free normal subgroup H
of index a power of p, for a prime p ≥ 2. Let then Π̂
(p)
K be the relative pro-p completion of
Π with respect to the subgroup K. Let Di be a decomposition group of Π̂
(p)
K in the conjugacy
class of the cyclic subgroup 〈xi〉, for i = 1, . . . , n. Then, there hold:
(i) For all x ∈ Π̂
(p)
K , there holds D
(p)
i ∩(D
(p)
j )
x 6= {1}, if and only if, i = j and Di = (Di)
x.
In particular, for all i = 1, . . . , n such that D
(p)
i 6= {1}, there is a series of identities:
N
Π̂
(p)
K
(Di) = NΠ̂(p)K
(D
(p)
i ) = Di.
(ii) Every finite nilpotent subgroup C of Π̂
(p)
K , such that C
(p) 6= {1}, is contained in a
decomposition group of Π̂
(p)
K .
(iii) Therefore, the decomposition groups D of Π
(p)
K , such that D
(p) 6= {1}, may be charac-
terized as the maximal finite nilpotent subgroups M of the profinite group Π
(p)
K such
that M (p) 6= {1}.
Proof. Let S be a hyperbolic orbifold Riemann surface such that Π ∼= π1(S) and let
SK → S be the Galois unramified covering associated to the normal finite index subgroup
K of Π. Let us also denote by SH → SK the normal unramified p-covering associated to
the subgroup H of K. By hypothesis, SH is a hyperbolic Riemann surface and the p-adic
solenoid S
(p)
K of SK , i.e. the inverse limit of all unramified p-coverings of SK , identifies with
the p-adic solenoid S
(p)
H of SH . Let {L ⊳o H} be the set of subgroups of H open for the
pro-p topology. There is then a series of natural isomorphisms:
Hk(S
(p)
K ,Z/p)
∼= Hk(S
(p)
H ,Z/p) := lim−→
L⊳oH
Hk(SL,Z/p) ∼= lim−→
L⊳oH
Hk(L,Z/p).
Since H is p-good, there hold Hk(S
(p)
K ,Z/p) = {0}, for k > 0, and H
0(S
(p)
K ,Z/p) = Z/p.
There is a natural continuous action of Π
(p)
K on the p-adic solenoid S
(p)
K and the decom-
positions groups of Π
(p)
K identify with the stabilizers of points of S
(p)
K in the inverse image
of points of the orbifold Riemann surface S which have non-trivial isotropy groups.
The proof then proceeds exactly like the proof of Lemma 3.1. In order to prove (i),
it is enough to show that the intersection of the stabilizers of two such points P1 and P2
contains a cyclic subgroup Cp of order p if and only if P1 = P2.
Since the profinite space S
(p)
K is p-acyclic, it follows that (S
(p)
K )
Cp is also p-acyclic, where
(S
(p)
K )
Cp is the fixed point set of the action of the p-group Cp on the p-adic solenoid S
(p)
K . In
particular, (S
(p)
K )
Cp is connected and thus consists of only one point. In particular, there
holds P1 = P2.
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The proof of item (ii) essentially follows from the same arguments of the proof of item
(ii) of Lemma 3.1. Since C is nilpotent, it has a unique normal and, by hypothesis, non-
trivial p-Sylow subgroup C(p). Proceeding by induction on the order of C, we can assume
either that C is of order p or that C is an extension of a group of prime order by a non-
trivial subgroup C1 ≤ C, which is contained in a decomposition group D and such that
C(p) ≤ C1,.
In the first case, since the profinite space S
(p)
K is p-acyclic and of finite dimension, it
follows that (S
(p)
K )
C is non-empty, i.e. C is contained in a decomposition group.
In the second case, replacing Π̂
(p)
K by its open subgroup Ĥ
(p) ·C, which is also the relative
pro-p completion of a hyperbolic Fuchsian group with respect to some normal subgroup, we
may assume that actually C1 = D ≤ C. Since C1 is normal in C and D is self-normalizing,
it follows C = D.
Item (iii) is just a reformulation of (ii).
The next step is to generalize Lemma 4.2 to nodal Fuchsian groups.
Definition 4.3. (i) A virtual pro-p nodal Fuchsian group Π̂
(p)
K is the relative pro-p com-
pletion of a nodal Fuchsian group Π with respect to a given finite index normal
subgroup K.
(ii) We say that a finite subgroup D of a virtual pro-p nodal Fuchsian group π̂1(G , Y )
(p)
K
is a decomposition group of type I if it is in the conjugacy class of a decomposition
subgroup I of a vertex group of (G , Y ).
(iii) Sets of simple and algebraically simple elements of Π̂
(p)
K are defined as in Definition 1.3.
Thus, a subset of elements σ = {γ1, . . . , γh} ⊂ Π̂
(p)
K is algebraically simple if it is in
the Aut(Π̂
(p)
K )–orbit of the image of a set σ
′ ⊂ Π which is simple for some presentation
of Π as the fundamental group of a Riemann surface.
Lemma 4.4. Let Π := π1(G, Y ) be a nodal Fuchsian group. Let K be a finite index normal
subgroup of Π and p ≥ 2 a prime such that, for some normal subgroup H of K of index
a power of p and for all vertices v of Y , the subgroups H ∩ Gv are torsion free. Let then
Π̂
(p)
K be the relative pro-p completion of Π with respect to the subgroup K. Let D1 and
D2 be decomposition groups of Π̂
(p)
K of type I1 and I2, respectively, such that their p-Sylow
subgroups are non-trivial. Then, there hold:
(i) The profinite group Π̂
(p)
K is virtually torsion free.
(ii) It holds D
(p)
1 ∩ D
(p)
2 6= {1}, if and only if D1 = D2 and I1, I2 are contained and
conjugated in a vertex group Gv for some vertex v ∈ v(Y ). In particular, if D is a
decomposition group of Π̂
(p)
K such that D
(p) 6= {1}, there is a series of identities:
N
Π̂
(p)
K
(D) = N
Π̂
(p)
K
(D(p)) = D.
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(iii) Every finite nilpotent subgroup C of Π̂
(p)
K , such that C
(p) 6= {1}, is contained in a
decomposition group.
(iv) Therefore, the decomposition groups of Π̂
(p)
K with a nontrivial p-component may be
characterized as the maximal finite nilpotent subgroups of Π̂
(p)
K with a nontrivial p-
component.
Proof. From the same argument used to prove item (i) of Lemma 3.5, it follows that Ĥ(p)
is a torsion free group.
In order to prove (ii), let us consider the Galois unramified covering SK → S associated
to the normal finite index subgroup K of Π and let SH → SK be the p-covering associated
to the subgroup H of K. As in the proof of (i) Lemma 4.2, the p-adic solenoid S
(p)
K of SK ,
i.e. the inverse limit of all unramified p-coverings of SK , identifies with the p-adic solenoid
S
(p)
H of SH . Since H is a free product of surface groups, it is p-good. Therefore, as in
the proof of Lemma 4.2, there hold Hk(S
(p)
K ,Z/p) = H
k(S
(p)
H ,Z/p) = {0}, for k > 0, and
H0(S
(p)
K ,Z/p) = Z/p. Then, the proof proceeds exactly as for Lemma 4.2.
Definition 4.5. For an element a ∈ Π̂
(p)
K , let νK(a) be the minimal natural number such
that there holds aνK(a) ∈ K(p). For σ = {γ1, . . . , γh} ⊂ Π̂
(p)
K an algebraically simple subset,
let then σ
Π̂
(p)
K
K,n , for n ∈ N
+, be the closed normal subgroup of Π̂
(p)
K generated by the elements
γ
n·νK(γ1)
1 , . . . , γ
n·νK(γh)
h .
We then have the following generalization of Theorem 1.5:
Theorem 4.6. Given an algebraically simple subset σ = {γ1, . . . , γh} ⊂ Π̂
(p)
K , let y ∈ Π̂
(p)
K
be an element such that yνK(y) is a generator of the pro-p group K(p) and, for every n = pt,
with t ∈ N+, there exists a kn ∈ N
+ with the property that there holds ykn ∈ σ
Π̂
(p)
K
K,n . Then,
for some s ∈ Ẑ r {0} and i ∈ {1, . . . , h}, the element y is conjugated to γsi .
Proof. It is not restrictive to assume that σ = {γ1, . . . , γh} is a simple subset of Π. Let us
then denote by σΠK,n the normal subgroup of Π generated by the elements:
γ
n·νK(γ1)
1 , . . . , γ
n·νK(γh)
h .
The quotient group Π/σΠK,n is a nodal Fuchsian group whose decomposition groups are
the conjugacy classes of the subgroups generated by the images of the elements in σ.
By the same argument used in the proof of Theorem 1.5, the group Π/σΠK,n contains a
normal, torsion free subgroup, which is contained as a subgroup of index a power of p in
the image of the subgroup K. Its relative pro-p completion with respect to the image of
K is then exactly the quotient group Π̂
(p)
K /σ
Π̂
(p)
K
K,n .
For an element a ∈ Π
(p)
K , let us denote by a¯ its image in the quotient group Π̂
(p)
K /σ
Π̂
(p)
K
K,n .
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Since the natural epimorphism K̂(p) ։ H1(K,Z/p) factors through the quotient group
K̂(p)/σ
Π̂
(p)
K
K,n and, by hypotheses, the lift y
νK(y) is a generator of the pro-p group K̂(p), the
image y¯ of y then has finite order divisible by p.
From Lemma 4.4, it then follows that, for all n = pt, there holds y¯ ∈ 〈γ¯i〉
x¯, for some
i ∈ {1, . . . , h} and some x¯ ∈ Π̂
(p)
K /σ
Π̂
(p)
K
K,n . By an inverse limit argument, we conclude that
there holds y ∈ 〈γi〉
x, for some i ∈ {1, . . . , h} and some x ∈ Π̂
(p)
K .
Corollary 4.7. Let K be a normal finite index subgroup of Π such that, for every alge-
braically simple element x ∈ Π̂
(p)
K , the lift x
νK(y) ∈ K̂(p) is a generator. Given an alge-
braically simple subset σ = {γ1, . . . , γh} ⊂ Π̂
(p)
K , let y ∈ Π̂
(p)
K be an algebraically simple
element such that, for every n = pt, with t ∈ N+, there exists a kn ∈ N
+ with the property
that there holds ykn ∈ σ
Π̂
(p)
K
K,n . Then, for some s ∈ Ẑ
∗ and i ∈ {1, . . . , h}, the element y is
conjugated to γsi .
Remark 4.8. In Lemma 3.10 [2], it is defined a characteristic finite index subgroup Kℓ
of Π such that, for every simple element x ∈ Π, the lift xνKℓ(y) ∈ Kℓ is a generator. The
definition of this group can be rephrased, group theoretically as follows. Let K be a finite
index characteristic subgroup of Π such that, for all simple (and so for all algebraically
simple) elements γ ∈ Π, there holds γ /∈ K. For a given integer ℓ > 1, we let then
Kℓ := [K,K]K
ℓ. For any algebraically simple element x ∈ Π̂
(p)
Kℓ
, the lift xνKℓ(y) ∈ K̂
(p)
ℓ is
then a generator. It follows that any normal finite index subgroup N of Π, contained in
Kℓ, satisfies the hypothesis of Corollary 4.7.
Corollary 4.7 and Remark 4.8 yield a substantial refinement of Theorem 1.5. We need
to fix some more notations.
Definition 4.9. For an open normal subgroup K of Π̂ and a ∈ Π̂, let νK(a) be the
minimal natural number such that aνK(a) ∈ K. For an algebraically simple subset σ =
{γ1, . . . , γh} ⊂ Π̂, let then σ
Π̂
K,n, for n ∈ N
+, be the closed normal subgroup of Π̂ generated
by the elements γ
n·νK(γ1)
1 , . . . , γ
n·νK(γh)
h .
Let Π̂ be the profinite completion of a hyperbolic surface group Π and Π̂
(p)
K its relative
pro-p completion with respect to some normal finite index subgroup K. There is then a
natural epimorphism:
ψ
(p)
K : Π̂→ Π̂
(p)
K .
From an inverse limit argument, Corollary 4.7 and Remark 4.8, it follows:
Corollary 4.10. Let σ = {γ1, . . . , γh} ⊂ Π̂ be an algebraically simple subset and p a fixed
prime. Let y ∈ Π̂ be an algebraically simple element such that, for a cofinal system of
open normal subgroups {K} of Π̂ and every n = pt, with t ∈ N+, there exists a µK,n ∈ N
+
with the property that there holds ψ
(p)
K (y)
µK,n ∈ ψ(p)K (σ
Π̂
K,n). Then, for some s ∈ Ẑ
∗ and
i ∈ {1, . . . , h}, the element y is conjugated to γsi .
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The assumption that the element y is algebraically simple can be dropped reformulating
Corollary 4.10 for relative pro-nilpotent, instead of relative pro-p, completions. Let us
denote by ψnilK : Π̂→ Π̂
nil
K the natural epimorphism. It holds:
Theorem 4.11. Let σ = {γ1, . . . , γh} ⊂ Π̂ be an algebraically simple subset. Let y ∈ Π̂ be
an element such that, for a cofinal system of open normal subgroups {K} of Π̂ and every
n ∈ N+, there exists a µK,n ∈ N
+ with the property that ψnilK (y)
µK,n ∈ ψnilK (σ
Π̂
K,n). Then,
for some s ∈ Ẑ and i ∈ {1, . . . , h}, the element y is conjugated to γsi .
Proof. Let us assume that y 6= 1. Since y has infinite order a Sylow p-subgroup Yp of 〈y〉
is infinite for some prime p. Let yp be a generator of Yp and U an open subgroup of Π̂ such
that yp is a generator of the maximal pro-p quotient U
(p) of U . Such a U exists because
Yp is the intersection of all open subgroups containing it. Let KU be a subgroup in the
cofinal system {K} contained in U . Then its image K˜U in U
(p) intersects 〈yp〉 non-trivially
and is such that K˜U ∩ 〈yp〉 6≤ Φ(K˜U). Therefore, since K˜U is a quotient of K
(p)
U , the
image of Yp ∩KU in K
(p)
U is not contained in Φ(K
(p)
U ). This means that ψ
(p)
KU
(y)νKU (y) is a
generator of K
(p)
U . Then, the conclusion follows from Theorem 4.6 and the usual inverse
limit argument.
Proceeding as in the proof of Theorem 4.6, we can also describe normalizers of alge-
braically simple elements in the relative pro-p completion of a surface group:
Proposition 4.12. Let Π̂
(p)
K be the relative pro-p completion of a non-abelian surface group
Π with respect to some normal finite index subgroup K and let x be an algebraically simple
element of Π̂
(p)
K . Then, for all n ∈ Ẑ r {0}, there holds:
N
Π̂
(p)
K
(〈xn〉) = N
Π̂
(p)
K
(〈x〉) = 〈x〉.
Proof. We can assume that x is a simple element of Π. Let then k > 0 the smallest integer
such that xk ∈ K. The quotient group Ξh := Π/〈x
phk〉Π is a nodal Fuchsian group which
satisfies the hypotheses of Lemma 4.4 with respect to the normal subgroup Kh, image of
K in the quotient group Ξh. Let xh be the image of x in Ξh. Then, the cyclic group Ch
generated by xh is a decomposition group of Ξh with non-trivial p-component for h > 0.
From Lemma 4.4, it follows that in the relative pro-p completion Ξ
(p)
Kh
of Ξh with respect
to the subgroup Kh, for h > 0 and p
h ∤ n, there holds:
N
Ξ
(p)
Kh
(Ch) = NΞ(p)Kh
(Cnh ) = Ch.
The conclusion of the proposition then follows taking the inverse limit for h→∞.
5 A linearization of the complex of profinite curves.
Let Sg be a closed orientable Riemann surface of genus g and let {P1, . . . , Pn} be a set of
distinct points on Sg. The Teichmu¨ller modular group Γg,n, for 2g − 2 + n > 0, is defined
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to be the group of isotopy classes of diffeomorphisms or, equivalently, of homeomorphisms
of the surface Sg which preserve the orientation and the given ordered set {P1, . . . , Pn} of
marked points:
Γg,n := Diff
+(Sg, n)/Diff0(Sg, n) ∼= Hom
+(Sg, n)/Hom0(Sg, n),
where Diff0(Sg, n) and Hom0(Sg, n) denote the connected components of the identity in
the respective topological groups.
Forgetting the last marked point Pn+1 induces an epimorphism of Teichmu¨ller modular
groups pn+1 : Γg,n+1 → Γg,n.
Let Sg,n be the differentiable surface obtained removing the points P1, . . . , Pn from Sg
and let Πg,n := π1(Sg,n, Pn+1). The homomorphism pn+1 induces a short exact sequence of
Teichmu¨ller modular groups, called the Birman exact sequence:
1→ Πg,n
i
→ Γg,n+1
pn+1
→ Γg,n → 1.
The monomorphism i : Πg,n →֒ Γg,n+1 sends the isotopy class of a Pn+1-pointed oriented
closed curve γ to the isotopy class of the homeomorphism i(γ) defined pushing the base
point Pn+1 all along the path γ in the direction given by the orientation of γ. It is clear
that i(γ) is isotopic to the identity for isotopies which are allowed to move the base point
Pn+1 and then that pn+1(i(γ)) = 1.
There are natural faithful representations, induced by the action of homeomorphisms
on the fundamental group of the Riemann surface Sg,n:
ρg,n : Γg,n →֒ Out(Πg,n) and ρ
′
g,n+1 : Γg,n+1 →֒ Aut(Πg,n).
Since the automorphism ρ′g,n+1(i(γ)) is the inner automorphism inn γ, induced by γ,
for all elements γ ∈ Πg,n, the exactness of the Birman sequence then follows from the
exactness of the standard group-theoretical short exact sequence:
1→ Πg,n
inn
→ Aut(Πg,n)→ Out(Πg,n)→ 1.
It also follows that the representations ρg,n and ρ
′
g,n+1 can be recovered, algebraically,
from the Birman exact sequence and the action by restriction of inner automorphisms of
Γg,n+1 on its normal subgroup Πg,n.
Let us now switch to the profinite setting. Let, as usual, Π̂g,n be the profinite completion
of the fundamental group Πg,n. Since the profinite group Π̂g,n is center-free, there is also a
natural short exact sequence:
1→ Π̂g,n
inn
→ Aut(Π̂g,n)→ Out(Π̂g,n)→ 1.
Let us mention here a fundamental result of Nikolov and Segal [19] which asserts that
any finite index subgroup of any topologically finitely generated profinite group G is open.
Since such a profinite group G has also a basis of neighborhoods of the identity consisting
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of open characteristic subgroups, it follows that all automorphisms of G are continuous
and that Aut(G) is a profinite group as well.
Let Γ̂g,n, for 2g − 2 + n > 0, be the profinite completion of the Teichmu¨ller modular
group. From the universal property of the profinite completion, it follows that there are
natural representations:
ρˆg,n : Γ̂g,n → Out(Π̂g,n) and ρˆ
′
g,n+1 : Γ̂g,n+1 → Aut(Π̂g,n).
Let us then recall a few definitions from [3].
Definition 5.1. For 2g−2+n > 0, let the profinite groups Γ˜g,n+1 and Γˇg,n be, respectively,
the image of ρˆ′g,n+1 in Aut(Π̂g,n) and of ρˆg,n in Out(Π̂g,n). For all n ≥ 0, there is a natural
isomorphism Γˇg,n+1
∼
→ Γ˜g,n+1 (cf. Lemma 20 in [12]). We then call Γˇg,n the congruence
completion of the Teichmu¨ller group or, more simply, the procongruence Teichmu¨ller group.
One of the most important objects in Teichmu¨ller theory is the complex of curves:
Definition 5.2. A simple closed curve (s.c.c.) γ on the Riemann surface Sg,n is non-
peripheral if it does not bound a disc with less than two punctures. A multi-curve σ on
Sg,n is a set of disjoint, non-trivial, non-peripheral s.c.c.’s on Sg,n, such that they are two by
two non-isotopic. The complex of curves C(Sg,n) is the abstract simplicial complex whose
simplices are isotopy classes of multi-curves on Sg,n.
It is easy to check that the combinatorial dimension of C(Sg,n) is n− 4 for g = 0 and
3g − 4 + n for g ≥ 1. There is a natural simplicial action of Γg,n on C(Sg,n).
In order to construct a profinite version of the complex of curves, we need to reformulate
its definition in more algebraic terms.
Let Lg,n = C(Sg,n)0, for 2g − 2 + n > 0, be the set of isotopy classes of non-peripheral
simple closed curves on Sg,n. Let Πg,n/∼ be the set of conjugacy classes of elements of
Πg,n and let P2(Πg,n/∼) be the set of unordered pairs of elements of Πg,n/∼.
For a given γ ∈ Πg,n, let us denote by γ
±1 the set {γ, γ−1} and by [γ±1] its equivalence
class in P2(Πg,n/∼). Let us then define the natural embedding ι : Lg,n →֒ P2(Πg,n/∼),
choosing, for an element γ ∈ Lg,n, an element ~γ∗ ∈ Πg,n whose free homotopy class contains
γ and letting ι(γ) := [~γ±1∗ ].
Let Π̂g,n/∼ be the set of conjugacy classes of elements of Π̂g,n and P2(Π̂g,n/∼) the
profinite set of unordered pairs of elements of Π̂g,n/∼. Since Πg,n is conjugacy separable
(cf. [23]) the set Πg,n/∼ embeds in the profinite set Π̂g,n/∼. So, let us define the set of
non-peripheral profinite s.c.c.’s L̂g,n on Sg,n to be the closure of the set ι(Lg,n) inside the
profinite set P2(Π̂g,n/∼). When it is clear from the context, we omit the subscripts and
denote these sets simply by L and L̂ .
An ordering of the set {α, α−1} is preserved by the conjugacy action and defines an
orientation for the associated equivalence class [α±1] ∈ L̂ .
For all k ≥ 0, there is a natural embedding of the set C(Sg,n)k−1 of isotopy classes of
multi-curves on Sg,n of cardinality k into the profinite set Pk(L̂ ) of unordered subsets of
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k elements of L̂ . Let us then define the set of profinite multi-curves on Sg,n as the union
of the closures of the sets C(Sg,n)k−1 inside the profinite sets Pk(L̂ ), for all k > 0.
Let us observe that the sets of elements of Π̂g,n in the class of a profinite multi-curve on
Sg,n are simple in the sense of Definition 1.3. However, in general, the class in Pk(L̂ ) of
a simple subset of k elements of Π̂g,n is not a profinite multi-curve because it may contain
peripheral elements.
A simplicial profinite complex is an abstract simplicial complex whose set of vertices
is endowed with a profinite topology such that the sets of k-simplices, with the induced
topologies, are compact and then profinite, for all k ≥ 0. For these simplicial complexes,
the procedure which associates to an abstract simplicial complex and an ordering of its
vertex set a simplicial set produces a simplicial profinite set.
Definition 5.3. (cf. [3]) Let L(Π̂g,n), for 2g−2+n > 0, be the abstract simplicial profinite
complex whose simplices are the profinite multi-curves on Sg,n. The abstract simplicial
profinite complex L(Π̂g,n) is called the complex of profinite curves on Sg,n.
For 2g−2+n > 0, there is a natural continuous action of the procongruence Teichmu¨ller
group Γˇg,n on the complex of profinite curves L(Π̂g,n). There are finitely many orbits of
Γˇg,n in L(Π̂g,n)k each containing an element of C(Sg,n)k, for k ≥ 0, and, by the results of
Section 4 [3], these orbits correspond to the possible topological types of a surface Sg,nrσ,
for σ a multi-curve on Sg,n.
The main result of §4 [3] (cf. Theorem 4.2) was that, for all k ≥ 0, the profinite set
L(Π̂g,n)k is the Γˇg,n-completion of the discrete Γg,n-set C(Sg,n)k, i.e. there is a natural
continuous isomorphism of Γˇg,n-sets:
L(Π̂g,n)k ∼= lim←−
λ∈Λ
C(Sg,n)k
/
Γλ ,
where {Γλ}λ∈Λ is a tower of finite index normal subgroup of Γg,n which forms a fundamental
system of neighborhoods of the identity for the congruence topology.
The set L of isotopy classes of non-peripheral s.c.c.’s on Sg,n parametrizes the set of
Dehn twists of Γg,n, which is the standard set of generators for this group. In other words,
the assignment γ 7→ τγ , for γ ∈ L , defines an embedding d : L →֒ Γg,n, for 2g−2+n > 0.
The set {τγ}γ∈L of all Dehn twists of Γg,n is closed under conjugation and falls in
a finite set of conjugacy classes which are in bijective correspondence with the possible
topological types of the Riemann surface Sg,n r γ. So, let us define, for the congruence
completion Γˇg,n, the set of profinite Dehn twists to be the closure of the image of the set
{τγ}γ∈L inside Γˇg,n. This is the same as the union of the conjugacy classes in Γˇg,n of the
images of the Dehn twists of Γg,n.
There is a natural Γg,n-equivariant map dk : L → Γˇg,n, defined by the assignment
γ 7→ τkγ , where Γg,n acts by conjugation on Γˇg,n. From the universal property of the Γˇg,n-
completion and Theorem 4.2 [3], it then follows that the map dk extends to a continuous
Γˇg,n-equivariant map dˆk : L̂ → Γˇg,n, whose image is the set of k-th powers of profinite
Dehn twists.
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In particular, a profinite s.c.c. γ ∈ L̂ determines a profinite Dehn twist, which we
denote by τγ , in the procongruence Teichmu¨ller group Γˇg,n. The main result of §5 of [3]
(cf. Theorem 5.1) is that this provides a parametrization of the set of profinite Dehn twists
of the procongruence Teichmu¨ller group:
Theorem 5.4. For 2g − 2 + n > 0 and any k ∈ Ẑ r 0, there is a natural injective map
dˆk : L̂ →֒ Γˇg,n which assigns to a profinite s.c.c. γ ∈ L̂ the k-th power of the profinite
Dehn twist τγ.
The purpose of this section is to show how the complex of profinite curves L(Π̂g,n) can
be ”linearized” and then extract, as a consequence of this process, both a new proof and
a generalization of Theorem 5.1 [3] to profinite multitwists. This linearization result can
also be considered a generalization to the profinite case of Theorem 5.1 [4].
In order to make this statement more precise, we need to introduce more notations and
definitions. Let K be an open normal subgroup of Π̂g,n and let pK : SK → Sg,n be the
associated normal unramified covering of Riemann surfaces with covering transformation
group GK := Π̂g,n/K. Let then SK be the closed Riemann surface obtained from SK filling
in its punctures and, for a commutative unitary ring of coefficients A, let H1(SK , A) be its
first homology group. There is a natural map ψK : K → H1(SK , A).
Definition 5.5. For a given γ ∈ L̂ , let us denote by the same letter an element of the
profinite group Π̂g,n in the class of the given profinite s.c.c.. Let νK(γ) be the smallest
positive integer such that γνK(γ) ∈ K. For a profinite multi-curve σ ∈ L(Π̂g,n), let us
also denote by σ a simple subset of Π̂g,n in the class of the given multi-curve. Let then
VK,σ be the primitive A-submodule of H1(SK , A) generated by the GK-orbit of the subset
{ψK(γ
νK(γ))}γ∈σ.
For σ = {γ1, . . . , γh} ⊂ Π̂g,n a simple subset, this is the same as the A-submodule
generated by the image ψK(σ
Π̂g,n
K,1 ) in the homology group H1(SK , A) (cf. Theorem 4.6).
Let then Gr(H1(SK , A)) be the absolute Grassmanian of primitive A-submodules of
the homology group H1(SK , A), that is to say the disjoint union of the Grassmanians of
primitive, k-dimensional, A-submodules of the homology group H1(SK , A), for all 1 ≤ k ≤
rankH1(SK , A).
For Ap equal to the ring of p-adic integers Zp or the finite field Fp, the absolute Grass-
manian Gr(H1(SK , Ap)) has a natural structure of profinite space, while, for Ap = Qp, it is
a locally compact totally disconnected Hausdorff space. In all cases, for σ ∈ L(Π̂g,n), the
assignment σ 7→ VK,σ defines a natural continuous Γˇg,n-equivariant map:
ΨK,p : L(Π̂g,n) −→ Gr(H1(SK , Ap)).
Theorem 5.6. For p > 0 a prime number, let Ap = Fp, Zp or Qp. For 2g − 2 + n > 0,
there is a natural continuous Γˇg,n-equivariant injective map:
Ψ̂p :=
∏
KEΠ̂g,n
ΨK,p : L(Π̂g,n) →֒
∏
KEΠ̂g,n
Gr(H1(SK , Ap)),
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where {K} is a cofinal system of open normal subgroups of the profinite group Π̂g,n.
Proof. For Ap = Zp, the submodule VK,σ ofH1(SK ,Zp) is primitive. Therefore, it is enough
to prove the theorem for Ap = Fp.
Let u1, . . . , un ∈ Πg,n be simple loops around the punctures on the surface Sg,n labeled
by the points P1, . . . , Pn, respectively.
For K an open normal subgroup of Π̂g,n, a simple set of elements σ = {γ1, . . . , γh} and
s ∈ N+, let us denote by σ˜
Π̂g,n
K,s the closed normal subgroup generated by the set of elements:
γ
s·νK(γ1)
1 , . . . , γ
s·νK(γh)
h , u
s·νK(u1)
1 , . . . , u
s·νK(un)
n .
For σ = {γ1, . . . , γh} ∈ L(Π̂g,n), let V˜K,σ be the subspace of the Fp-vector space K
ab
p :=
H1(K,Fp) which is the image of the normal subgroup σ˜
Π̂g,n
K,s ofK by the natural epimorphism
K → Kabp . The assignment γ 7→ V˜K,σ then defines a natural continuous Γˇg,n-equivariant
map:
Ψ˜K,p : L(Π̂g,n) −→ Gr(K
ab
p ).
For ξ = {δ1, . . . , δh} ∈ L(Π̂g,n), let us also denote by ξ˜
Π̂g,n
K,s the closed normal subgroup
generated by the set of elements:
δ
s·νK(γ1)
1 , . . . , δ
s·νK(γh)
h , u
s·νK(u1)
1 , . . . , u
s·νK(un)
n .
Let us show that, if σ 6= ξ ∈ L(Π̂g,n), there is an open normal subgroup K of Π̂g,n
such that there holds Ψ˜K,p(σ) 6= Ψ˜K,p(ξ). This obviously implies that there holds as well
ΨK,p(σ) 6= ΨK,p(ξ), proving Theorem 5.6.
A consequence of Theorem 4.2 [3] is also that not every element of σ is conjugated to
a Ẑ-power of an element in ξ. Since no element of σ is conjugated to uk, for k = 1, . . . , n,
from Corollary 4.10, it then follows that there is an open normal subgroup H of Π̂g,n and
an s = pt, for t ∈ N, such that the images of the subgroups σ˜
Π̂g,n
H,s and ξ˜
Π̂g,n
H,s in the maximal
pro-p quotient H(p) of the profinite group H are distinct. Moreover, by Remark 4.8, we
can assume that all elements γ
νK(γi)
i and δ
νK(δj)
j , for i, j = 1, . . . , h, are generators in H .
Let then L be an open normal subgroup of Π̂g,n contained in H and of index a power
of p in H such that there holds νL(x) = sνH(x), for x = γi, δj or uk, for i, j = 1, . . . , h and
k = 1, . . . , n. Then, the images of the subgroups σ˜
Π̂g,n
L,1 = σ˜
Π̂g,n
H,s and ξ˜
Π̂g,n
L,1 = ξ˜
Π̂g,n
H,s in the
maximal pro-p quotient L(p) of L are also distinct. We need one more lemma:
Lemma 5.7. Let L(p) be a pro-p group and N1 6= N2 normal subgroups of L
(p) invariant for
the action of a finite subgroup G of Out(L(p)). Then, there exists an open normal subgroup
U of L(p), containing N1, N2 and invariant for the action of G, such that N1Φ(U) 6=
N2Φ(U), where, for a given group H, we denote by Φ(H) its Frattini subgroup.
Proof. Note that N1 ( N1N2. Hence, it suffices to prove the existence of an open normal
subgroup U of L(p) containing N1N2 and invariant for the action of G such that there holds
N1Φ(U) 6= N1N2Φ(U).
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Let {Vυ}υ∈Υ be the set of all open normal subgroups of L
(p) containing N1N2 and
invariant for the action of G, it then holds
⋂
υ∈Υ Vυ = N1N2 and
⋂
υ∈Υ Φ(Vυ) = Φ(N1N2).
If N1Φ(Vυ) = N1N2Φ(Vυ), for all υ ∈ Υ, then there holds as well:
N1 = N1Φ(N1) =
⋂
υ∈Υ
N1Φ(Vυ) =
⋂
υ∈Υ
N1N2Φ(Vυ) = N1N2Φ(N1N2) = N1N2.
Therefore, since N1 6= N1N2, there holds N1Φ(Vυ) 6= N1N2Φ(Vυ), for some υ ∈ Υ.
In order to complete the proof, we apply Lemma 5.7 with G = Π̂g,n/L, N1 = ψ
(p)
K (σ˜
Π̂g,n
L,1 )
and N2 = ψ
(p)
K (ξ˜
Π̂g,n
L,1 ). Then, let U be an open normal subgroup of L
(p) as in the statement
of Lemma 5.7, let U ′ be its inverse image in Π̂g,n, which is also a normal subgroup, and let
K := L ∩ U ′. Since K contains both σ˜
Π̂g,n
L,1 and ξ˜
Π̂g,n
L,1 , there holds Ψ˜K,p(σ) 6= Ψ˜K,p(ξ).
6 Centralizers of profinite multitwists in the procon-
gruence Teichmu¨ller group
The results of the previous section have interesting implications for the combinatorial
structure of the procongruence Teichmu¨ller group. We will improve the results both of [3]
and of [14].
As a first application of Theorem 5.6, it is now possible to give a partial parametriza-
tion also to profinite multitwists, i.e. products of powers of commuting profinite Dehn
twists. Let us observe that, for σ = {γ0, . . . , γk} a profinite multi-curve on Sg,n, the set
{τγ0 , . . . , τγk} is a set of commuting profinite Dehn twists.
Theorem 6.1. For 2g − 2 + n > 0, let σ = {γ1, . . . , γs} and σ
′ = {δ1, . . . , δt} be two
profinite multi-curves on Sg,n. Suppose that, there is an identity in Γˇg,n:
τh1γ1 τ
h2
γ2
· . . . · τhsγs = τ
k1
δ1
τk2δ2 · . . . · τ
kt
δt
,
for hi ∈ mσ · N
+ and kj ∈ mσ′ · N
+, with mσ, mσ′ ∈ Ẑ
∗. Then, there hold:
(i) t = s;
(ii) there is a permutation φ ∈ Σs such that δi = γφ(i) and ki = hφ(i), for i = 1, . . . , s.
Proof. If σ 6= σ′, by Theorem 5.6, there is an open characteristic subgroup K of Π̂g,n such
that there holds ΨK,p(σ) 6= ΨK,p(σ
′) in the Qp-vector space H1(SK ,Qp).
Let ΓˇK be the geometric level associated to K, i.e. the kernel of the natural rep-
resentation Γˇg,n → Out(Π̂g,n/K). Then (cf. §2 [3]), there is a natural representation
ρK,(p) : Γˇ
K → ZSp(H1(SK ,Qp))(GK).
Let r ∈ N+ be such that, for every profinite Dehn twist τγ ∈ Γˇg,n, there holds τ
r
γ ∈
ΓˇK . From the results of §5 in [3], it follows that it is possible to recover the subspaces
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ΨK,p(σ) and ΨK,p(σ
′) as the cores (cf. remarks preceding Lemma 5.11 [3]) of the symmetric
bilinear forms on H1(SK ,Qp) associated to the multi-transvections ρK,(p)(τ
r·h1
γ1
. . . τ r·hsγs ) and
ρK,(p)(τ
r·k1
δ1
. . . τ r·ktδt ), respectively. Therefore, the hypotheses of the theorem imply σ = σ
′,
but then items (i) and (ii) follow immediately.
An immediate consequence of Theorem 6.1 is a description of centralizers of profinite
multitwists of the procongruence Teichmu¨ller group, generalizing Theorems D and E in
[14] in which this result was proved for maximal multi-curves.
Corollary 6.2. (i) For 2g−2+n > 0, let σ = {γ1, . . . , γs} be a profinite multi-curve on
Sg,n and (h1, . . . , hk) ∈ (mσ · N
+)k a multi-index, with mσ ∈ Ẑ
∗. Then, there holds:
ZΓˇg,n(τ
h1
γ1
· . . . · τhkγk ) = NΓˇg,n(〈τ
h1
γ1
· . . . · τhkγk 〉) = NΓˇg,n(〈τγ1 , . . . , τγk〉).
(ii) Let us assume that σ = {γ1, . . . , γs} is a multi-curve on Sg,n such that there holds
Sg,nr {γ1, . . . , γk} ∼= Sg1,n1 ∐ . . .∐Sgh,nh. Then, the centralizer in the procongruence
Teichmu¨ller modular group Γˇg,n of the multitwist τ
h1
γ1
· . . . · τhkγk is the closure, inside
Γˇg,n, of the stabilizer Γσ < Γg,n. Therefore, it is described by the exact sequences:
1→ Γˇ~σ → ZΓˇg,n(τ
h1
γ1
· . . . · τhkγk )→ Sym
±(σ),
1→
k⊕
i=1
Ẑ · τγi → Γˇ~σ → Γˇg1,n1 × · · · × Γˇgh,nh → 1,
where Sym±(σ) is the group of signed permutations on the set σ.
Proof. As we already observed, for f ∈ Γˇg,n, there holds the identity:
f · (τh1γ1 · . . . · τ
hk
γk
) · f−1 = τh1
f(γ1)
· . . . · τhk
f(γk)
.
The conclusion then follows from Theorem 6.1, Corollary 6.4 and Theorem 6.6 in [3].
7 Galois actions on hyperbolic curves.
Let C be a hyperbolic curve defined over a number field k. Let us fix an embedding k ⊂ Q
and a Q-valued point ξ˜ ∈ C. The structural morphism C → Spec(k) induces a short exact
sequence of algebraic fundamental groups:
1→ π1(C ×k Q, ξ˜)→ π1(C, ξ˜)→ Gk → 1,
where Gk is the absolute Galois group and the group π1(C ×k Q) is isomorphic to the
profinite completion of a hyperbolic surface group. Associated to the above short exact
sequence, is the outer Galois representation:
ρC : Gk → Out(π1(C ×k Q, ξ˜)).
By Theorem 2.2 [17], Corollary 6.3 [13] and Theorem 7.7 [3], the representation ρC is
faithful. In this section, as an application of the restricted Magnus property for profinite
surface groups, we are going to prove some refinements of these results.
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Theorem 7.1. Let C be a smooth n-punctured, genus g curve, defined over a number field
k. For 2g − 2 + n > 0 and 3g − 3 + n > 0, the faithful outer Galois representation ρC
induces a faithful representation:
ωg,n : Gk →֒ Aut(L(Π̂g,n)).
Proof. By the definition of profinite simple closed curves, it is clear that the representation
ρC induces a natural representation Gk → Aut(L̂g,n), which induces the natural represen-
tation ωg,n. The faithfulness of the representation ωg,n then follows from Theorem 7.2 and
Corollary 7.6 of [3].
Let {Cλ}λ∈Λ be the tower of Galois e´tale connected covering of C associated to charac-
teristic subgroups of Π̂ := π1(C×kQ, ξ˜) and let us denote by G
λ the covering transformation
group of the covering Cλ → C. For λ ∈ Λ, let us also denote by C
λ
the smooth projective
curve obtained from C filling in its punctures.
For a G-vector space V , let us denote by GrG(V ) the absolute Grassmanian of G-
invariant subspaces of V . The outer Galois representation ρC then induces, for every
λ ∈ Λ, a natural representation Gk → Aut (GrGλ(H
1
e´t(C
λ
,Qℓ))).
Let H1e´t(C
∞
,Qℓ) := lim−→λ∈ΛH
1
e´t(C
λ
,Qℓ). This space is endowed with a natural continu-
ous action of the profinite group Π̂. Let then GrΠ̂(H
1
e´t(C
∞
,Qℓ)) be the absolute Grassma-
nian of Π̂-invariant subspaces of H1e´t(C
∞
,Qℓ).
From Theorem 7.1 and Theorem 5.6, it follows:
Corollary 7.2. Let C be a hyperbolic curve defined over a number field k with non-trivial
moduli space. The associated outer Galois representation ρC then induces a natural faithful
representation:
Gk →֒ Aut (GrΠ̂(H
1
e´t(C
∞
,Qℓ))).
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